Hydrodynamics of Wave Flow

C. P. BERBENTE and ELI RUCKENSTEIN

In this poper o method for obtaining periodical solutions of the nonlinear equations of motion
is proposed. The method is applied to the case of a falling liquid film in wave motion. It
consists in a triple series expansion; the first is a Taylor expansion, with respect to the
distance y; from the free surface; a second one, representing the periodicity condition, is a
Fourier expansion with respect to the variable z = k(x—ct), and a third one is o Taylor expan-
sion with respect to the amplitude 2ig¢;. The calculation of the different coefficients is made
easy by the fact that the algebraic equations obtained are linear and do not simultaneously
contain all the unknowns. This allows the performance of the computation step by step in in-
creasing order of the powers of ¢;. The periodicity condition ollows the determination of ol
physical quantities as functions of one of them. The amplitude |2i¢1| was selected as the
parameter.

The existence of a dimensionless quantity for the wave flow is outlined. Arguments are
adduced in support of the fact that the amplitude |2ip1| depends only on ¢ and o universal
curve |2ipy| vs. ¢ is plotted on the basis of experimental data. Theoretical equations for the
wave length, the wave velocity and the film thickness as a function of v are established.
There is good agreement between the theoretical equations and experiment.

Polytechnical Institute, Bucharest, Romania

If a liquid film flows down a vertical plate it would be
expected that the motion be laminar. Experiment shows,
however, that the free surface of the film is not plane
(Figure 1), but is disturbed by an unsteady periodical
motion (I to 7). The occurrence of this wave motion is
due to the fact that the laminar steady motion is not stable
to small perturbations and for this reason a new type of
motion, stable to perturbations, is organized. Yih (8),
Benjamin (9), Hanratty and Herschman (10), and Whita-
ker (11) have shown, by means of the linearized theory
of instability, that the Nusselt velocity distribution is not
stable to small perturbations; this theory however, is not
able to provide information concerning the behavior of
the stable state,

Such information has been obtained by Kapitza (12,
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Fig. 1. Wave motion on a vertical plate.
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13) who postulated that the film thickness and the velocity
components are periodical functions of the variable z =
k(x — ct) and looked for solutions of this type for a very
approximate equation of motion.

The equations obtained in this manner by Kapitza for
the film thickness, for the wave velocity, and for the wave
length, lead to values of the same order of magnitude as
the experimental ones.

However, Kapitza’s theory predicts a dependence of the
wave length on velocity, while experiments (14 to 17)
show it to be practically independent of velocity; the
theory also predicts a constant value for the ratio between
the wave velocity and the average velocity of the liquid,
while experiment shows that this ratio decreases with the
increase of the liquid’s average velocity.

It has been shown previously (18) that the use of the
theoretical expressions given by Kapitza for the velocity
distribution leads to a result, for the rate of mass transfer,
which does not agree with experiment. While using
Kapitza’s results one obtains an increase of the mass trans-
fer coefficient by 30%, yet the experiment shows a much
larger increase of up to about 150% (both increases com-
pare with the steady laminar case (19 to 21).

The disagreement betweern theory and experiment may
be due to the assumption that the velocity components
and the film thickness are periodical functions of z and/or
to the simplifying assumptions made in the calculation. In
the first assumption it may be noted that experiments (15,
16) show that the wave motion is a very complex one.
Nevertheless, there exists a region in the vicinity of the
point of wave inception (the position of this point depends
on Reynolds number) of comparatively regular wave mo-
tion which may be used (and has been used) for deter-
mining experimentally wave lengths that have the usual
physical meaning. The form of solution proposed by
Kapitza is adequate, at least for this region; it assumes
that the wave length, the wave velocity, and the amplitude
are constant. For other regions and especially for larger
Reynolds numbers more complex solutions, as are for in-
stance those in which the above parameters depend on x,
or those composed of clusters of interacting waves, might
describe the hydrodynamic process in a more adequate
manner. Therefore at least for the region mentioned above,
the disagreement between Kapitza’s theory and experiment
is due to the simplifying assumptions made in the calcula-
tion. The main approximation is the assumption that the
vertical velocity component u depends parabolically on
the distance y from the wall, as in the Nusselt equation
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Fig. 2. Qualitative velocity distribution in a tube. (a) laminar flow,
(b) unsteady periodical flow.
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That such an approximation is not entirely satisfactory
results even from the second step in Kapitza’s calculation,
The insertion of the above expression in the equations of
motion must be followed by averaging with respect to y,

in order to obtain an equation for u,(x, t). That the para-
bolic assumption is not a satisfactory one results also in
the comparison with a somewhat similar case (22 to 25),
namely that of a fluid flowing in a tube under the action
of a pressure drop which depends periodically on time.
Though in the case of a steady laminar motion the veloc-
ity distribution is parabolic, in the above mentioned case
the velocity has a maximum in the vicinity of the wall. In
order to take into account such an effect it is necessary to
use a curve which should pass through at least five points
(see Figure 2), that is, a curve at least of the fourth de-
gree with respect to y.* In the case of wave flow the pres-
sure has also a periodical time dependence and the above
mentioned remark suggests the use of a polynomial in y
at least of the fourth degree.

We shall propose in the following a method for obtain-
ing periodical solutions of the nonlinear equations of mo-
tion that can be made as precise as one likes. The method
shows that an expansion up to at least a fourth degree
with respect to y is needed for the velocities. By using
this method, an agreement with the experiment is obtained
for the wave length and for the wave velocity.

Besides its intrinsic interest, the treatment of the hydro-
dynamics of wave motion of a thin liquid film may be
useful in two other respects: (a) It appears to be the
simplest case in which the stable state of motion is an un-
steady one and a method of calculation, based on the
periodicity condition and developed for its examination,
may be useful for the solution of more complex unsteady
cases (perhaps even for turbulent motionst). (b) By its
means it is possible to treat the problem of mass transfer
in wave motion. As mentioned above, Kapitza’s velocity
distribution for mass transfer leads to disagreement with
the experiment; however, it was shown (18) that if one
uses the experimental wave length, wave velocity, and
amplitude, instead of the theoretical ones, the agreement
may be much improved. The agreement with the experi-
ment obtained in the present paper for the hydrodynami-
cal parameters suggests that it is possible to obtain theo-
retical equations for mass transfer which represent the
facts in a satisfactory manner. The problem was examined

METHOD OF CALCULATION

From a mathematical point of view the problem lies in
looking for periodical solutions of the system of equations
which consist of the Navier-Stokes equations and the
equation of continuity. By denoting « and v as the veloc-
ity components (see Figure 1) one may write

ou du du 1 9p ( %u  u
B L (e o
at 9x dy p ox o2 ay?
(1a)
au+uao+uau_v 1 ap+ (620+a20>
ot | ax oy p oy \ex ' ap2
(1b)
du dv
—— —— 1
ox + ay ( C)
The following boundary conditions must be satisfied:
u=0, v=0 for y=0 (1ad)
oh oh
T e— — f ]
v at+uax or y=~nh (le)

1
Py COS 28 — o (Poz— pyy) sin 26 =0 for y=h

(1f)
Puz Sin28 + pyy 0528 — puy sin 28 + py + po =0
for y=h (lg)
where
ou v
xx — — 2 ] = - T
P P+ 'ué)x Pyy p+2ﬂ-‘ay
_ (au + dv ) _ - %h
Pay =8 3y | ox s Po = (1 + tg2)372 oa2”
oh
tgd =— (1h
& ax (1h)

The Equation (1d) expresses the condition of no slip-
ping and of no net interfacial mass transfer at the solid-
liquid interface, and the Equation (le) expresses the
condition that the free surface is streamline. Equations
(1f) and (1g) express the equality of the shear stresses
and the equality of the normal stresses at the free surface.

By taking into account the continuity equation, the
boundary conditions (1f) and (1g) become

21.(. ou
— Py = Py — — 14
P=Pa=Po cos 28 ox (1)
0 d @
LY S (1)
oy ox ox

For sufficiently small film thickness, one may neglect
(see Appendix IV) in Equation (1b) all terms containing
v. There results 9p/8y = 0 and therefore

p=p(xt)

The pressure p is therefore given by its value at the
boundary; Equation (1i) leads to

N . P 2
(27) and we notice here the good agreement with the ex- 1o __s 9 1 . &h
periment that was obtained. p 9 p 9x (14 tg28)3/2 ox?
3
® One can obtain such a curve with a cubic, although the maximum 9 9 1 ou o 4§ h o%u
is then constrained to lie within certain values of y. With a quartic —av T - e - V"—z';
this constraint disappears. dx “cos 28 d9x p 9x° 9x
t Approximate solutions in this direction have been suggested (26).
They consist of a synthesis between renewal models and some results ( — h) (2)
of the periodicity condition, Y
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By the replacement of dp/dx in Equation (la) by its
expression from Equation (2), and the neglect of the
terms thus obtained which contain 9%u/9x2, as compared
to 92u/dy?, and by neglecting the right side in the bound-
ary condition (1j), the system of Equation (1) becomes:

du du ou o 0°h 92u
—tb—tv—=——o+g+v— (3a)
ot ox oy p ox® ay?

EE + .6.2 = {(3b)

ox dy

u=0=0 for y=0 (3¢)

ou oh
— T2 e — = h Sd
P” 0, v p + U P for y (3d)

As shown in Appendix IV all the above approximations
are valid of khy = 0.3.

Since one assumes that the liquid film has a wave mo-
tion which is propagating in the x direction, the velocities,
u and v, and the thickness, h, of the film do not depend
separately on x and ¢, but only via the combination

z=k(x—ct) (4)

For this reason, we shall choose z and y as independent

variables. It is also convenient, as will result from the

following, to use the change of variable

y1=h—y (5)
Equations (3a) and (3b) become

9
—k(o—u) 2% 4 (kuk — kol — 0) 22
z oYy
ok? du
= hl!l 6
- + g -l-v‘ay12 (6a)
ou Ju ov
k (— W — ) —_——= 6b
0z + a1 a1 (6b)
It is convenient to introduce the quantity
dyl
= h’ — h’ — T e
vy = ku ke b= (7)

which represents the horizontal velocity with respect to
the free surface. The system (6) and the boundary con-
ditions (3¢) and (3d) may be written as

ou du ak? 2u
—k(c—u) a—z-+vl-a—y;-=—P—h’” +g+ y-aylz
(8a)
koo ?y’— - (8b)
u=0, vy=—kelW for yy="nh (8¢)
%—0, vy=0 for =0 (8d)

The solutions of system (8) have to be periodical with
respect to the variable z.

By denoting Q the average flow rate of the liquid and
ko the average thickness of the film (hy = h) we shall
expand the velocities u and v; with respect to the variable

where the dimensionless coefficient a, and b, are periodi-
cal functions of z. It is also convenient to introduce the
dimensionless quantities x and ¢ defined by

h=ho(1+¢) (10)

C=EX ";:

By introducing the expansion (9) in Equations (8) and

identifying the terms in (y1/ho)”, one obtains the following
system which has an infinite number of equations:

oL
n=0

i 2
L+ $)m =0, 3 ol +¢) =~ — xkhot
n=90

ag=Dby=0, n=0,1,2,3... (11)

where 8¢,» is the Kronecker symbol

1 forn=0
8O,n =
0 for n#0

By complete induction one may prove that (see Ap-
pendix I) from system (11) there results

— for n=2m + 1 (odd)

@m+1=Dbm =0, m=0,1,2... (12a)
— for n = 2m (even)
> Gem(l+4)m =0,
m=0
@ a2m(1 +¢.)2m+1 9
——— = (149,
m=0 2m+ 1 3 X‘¢
3 m 4—-2m+1
— X@gm + — ———— 'y Gym-2
2 =0 2l+1
2 h02 ( G‘k2h0 r g )
T ——p—-qS tr Som +
(2m + 1) (2m + 2)» . b _ kho a’sm
Qkho 2m + 2» 2m+1 = 2m + 1 )
m=0,1,2... (12b)

The system formed of Equations (12a) and (12b) to-
gether with the condition of periodicity of the solutions
solve the problem of the wave flow; the required degree
of accuracy is obtained by taking a sufficiently large num-
ber of equations from the system.

For simplification we shall restrict our calculation to
the term of sixth degree with respect to yi/he. In Ap-
pendix IV it is shown that such an approximation is valid

y1/ho: if y =54,
In this case we must solve the system of equations:
EENMOPRIENO N
U = — 2 ay —_— Vg = — — bn _—
2 ho n2o h* 2 ho 72 ho 2 azm (1 + ¢)*m = 0,
(9) m=0
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3
dom(l + $)2m+t 9
—_——e T == (1 H

Eo T 1 5 (1+x4)
3 ) 2h02 (O'kzho g ) 21'(12
- ] o o ___=0
(X 2(10 ao+ 3Q2 » ¢ + k + Qkho
(13a)
3 ) 3 12va4
— ’ — =0
(X g % @y + 2a002+Qkho
( ),+9, 1a’+30va6 0
—_— —a — — Goll =
X~ Gy J a4 2 0G4 g P72 Okhq

To these equations one has to add the equation of
definition of the average thickness (ho =h) which to-
gether with Equation (10) leads to

$=0 (13b)
The calculation which follows is carried out by assum-
ing that |¢| < 1 (that is, the film does not break off).
For the quantities do, @2, a4, a5 and ¢ we shall look for
periodical solutions of z in the form of Fourier series:

«®

Qo = 1 + 2 Aqeiqz,
©
g = — 1+ 2 B Qeiqza
<«
ay = 2 quiqz’
@
ag = 2 D qeiqz’
w0
d’ = 2 ¢qeiqz’

(i=+—1, ¢=0,x1,%2,... (14)

The first term in the expansions of a, and a; represents
their values for the limiting case of a laminar motion.

Since the series (14) have complex coefficients, and
o, G, ds, ag and ¢ are real quantities, it is necessary that

Aq=A B_g=B;*, C_q=C,
D_;=D¢*, ¢—q=1¢¢" (15)

where we denoted by (*) the complex conjugate quantity.
Therefore it is sufficient to perform the calculations only
for positive values of g.

By introducing the expansion (14) in the system of
Equations (13) and by denoting

J2h 3
€= —-v——, K= 2 (16a)
Qkho 3pQ2

one obtains
Aq + Bq + Cq + Dq—‘2¢q= aq

1 1 1 2
Aq"'?Bq'P?CQ +7Dq_“3"x¢q=ﬂq

3
iq ( x-—-?) Ay + 2B, — 2iq°Kd,
h3
+2ae (F-1) =
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3 3
—?qu + iq ( )(—?) Bq + lZqu=I‘q

; 3
%quq ( x——?> Cq+ 306Dy = Aq-

$o =0, ((]=O,i1,"_‘2,i...)

(16b)

where

ag=— (26(az + 1) + ¢%,
4
Fag D 8PP + ag
P=1

3

=1

E6"® )4

=3

1
Bqg=— [¢(ao+a2) +a2(¢2.|.?¢3)
a

s 7
2 & 47 }
7 2

3
Ya= g [(a0o—1)d’0]q,

a5
—i——‘!k 2 &s® ¢? +

=1 q

3

Ty = 3 [(ao—1)a’s— (az + 1)ds]q

3 1
Ag = -E [ (ao —_ 1)(1’4—- 3a'oay + — (62 + 1)(1'2 ]

3 q
] (16¢)
[ 1q represents the coefficient of € of the terms con-
n!

pl(n—p)~

We remark that the left sides of Equations (16b)
are linear with respect to Ag, By, ... ¢g, while the right
sides contain nonlinear terms of the form AyB,_p, ¢p ¢-

tained under the brackets and &,° =

Agepers - ..

Restricting the expansions (14) to a certain finite value
g — 1 the system (16b) leads to (5¢ + 1) equations con-
taining (5¢ + 3) unknown quantities, Ay, By, Cq4, Dg, ¢,
x> ho, k. Two quantities remain therefore undetermined.

Since the periodical quantities are determined only up
to a phase constant one may choose, for this arbitrary
phase constant, such a value that the calculation be sim-
plified. For this reason we shall consider that in the ex-
pansion of ¢, the coefficient of cos z is nil, thus

$1+¢d-1=0 (17)

In this way only one quantity remains undetermined
and we can express the other quantities as a function of
it. We shall choose ¢; as such a parameter, since it has
a simple physical meaning in proportion with the first ap-
proximation of the wave amplitude. Indeed, in the first
approximation we obtain

¢ = 4,191': + ¢_1e~iz
which by taking into account Equation (17) becomes
¢ = 2i¢; sin z (18)

We remark that since ¢ is a real quantity, the real part
of ¢; must be nil.

We shall use for the other quantities, expansions in a
series of powers of ¢;. As shown in Appendix II, for the
real quantities we have expansions of the form:
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hO = 2 Hzr 4,121’ X = 2 Xar 4)12;-’ k= 20 kzr ¢12r, e
=0 r=0 r=
{19a)

in which there appear only the even powers of ¢1. (Hay,
xar, kgr are real coefficients.)

For the quantities Ag, By, ..
form (see Appendix II)

., ¢4 expansions of the

Ag= ¢l 2 Agar 12, By = ¢yl Z Bgar 17, . ..
r=0 r=0
(19b)

b= il 2 bun b

are valid.

Concerning the expansions (19b) we notice that the
coefficients Ay, By, ... ¢q have the order of magnitude
Of w(ﬁllql.

From the conditions of reality (15), one obtains

A“I;ZT = ('—_ 1) [ql A#q,ZT: sy
(20)
¢‘(L2T = ('_ 1)]!1[ 4)”4.21‘: see

The coefficients Agsr, . . . $q2r Har, ... may be calcu-
lated by introducing the expansions (19) in the system
formed of Equations (16b) and (17a) and identifying
the terms in 191727, There results:

Aq,Zr + Bq,2r + Cq,zr + Dq,zr - 24’:1.21' = aq2r

1 1 1

Aq,2r + ? Bq.2r + '5—' Cq,21' + 7‘ DQ,ZT

iy Xorpg.or—2t = Ba.2r
gHlezmH2r—2l—-2m = 3VQ(80,T - Bo,2r) (q =0)
3
if] (X2lAq,2r—2l_ ?Aqmr )
ky k
+ 2e9.Bq.2r—21— 2iKoq® 2 (bg.2r—o1—2m

ke ko

— Boas bgar—a1—2m—2s) = vg2r (9 #0) (21)

3i _ 3
Y qAger + ig | x2iBgor—21— z By or
+ 12e21Cq.2r—21 = Tq,2r

i 3
%‘ By + iq ( x2iCo,2r—21 — 5 Cyeor )

+ 30exDgar—21 = Agar
do2r =0, dror=—d_1,2r = Sor
(gq=0,x1,%2 ... ; r=0,1,2...)
Indices I, m and s are summation indices; for instance

r—1

2

m=0

r 7
enBor—g = 2 enBar—g and HyHomHzr—21-9m = 2
1=0 =0
Hg[Hgmng_m_gm. The quantities 0q,2rs ﬁq,2r; Ya.2rs Fq,gr
and Ags, are the coefficients of the terms of degree |g| +
2r in the ¢;-expansion of the quantities from expression
(16¢).

The above system of equations may be solved easily,
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since the unknown quantities result, step by step, in in-
creasing order of power of ¢;. We remark that for a
certain approximation of the order, |q| + 2r, one obtains
a system of linear algebraic equations, the nonlinear terms
@q,2r, Bqzr contain only the coeflicients Ay, Bpas .. -»
$p,25, and whose indices (|p| + 2s) < |q| 4+ 2r. The non-
linear terms may therefore be calculated by means of the
preceding approximations. In this manner the expressions
(19) achieve the solution of the nonlinear Navier-Stokes
equations by means of an infinite number of linear systems
of algebraic equations. The convergence in the considered
range is rapid so that only a few systems of equations
suflice.

RESULTS OF THE CALCULATION AND
COMPARISON WITH EXPERIMENT

The zero order approximation is obtained for ¢ = r =
0. There results

Ago = Bgo = Cog = Doy = ¢p9 =0
(22)

gI'I()3 = SVQ

For Hy (the first term in the expansion of hy with
respect to the amplitude) one obtains the equation valid
for a laminar steady flow.

‘In the first order approximation (¢ = 1, r = 0) one
obtains

A+ B+ Cro+Dyg=2 (¢o=1)

2

1 1 1
A — By +—C — Dy = —
10-l-3 w0+ 10 + 7 Pu=—x

3
(xo — _2_) Ay + 2iepByo = 2Ky (23)
3 3
—ZA ( - ) Bio— 12i =0
2 10+ 4 Xo B 10 icgC1o

1 3
—2—B10 + ( XO_E) C10 —SOiEODlo = ()

e and K represent the first coefficients of the series ex-
pansion of the quantities, ¢ and K, [Equations (16a)]
with respect to é.

By solving the system formed of the first four equations
of system (23), and introducing the expressions thus ob-
tained for Ajg, By, Cio and Dyq in the fifth equation, one
obtains, owing to the complex quantities involved, two
equations:

6)(02 16X0 51) ( 3 3 (Xo ]. )
(B0 M0 Sy (L 8y (3
'\ 77 7 135 X5 37
33
- 30 502 ( 4.)(02— 11)(() + —5"‘" SKO)
( 3 ) ( 5x _ 10x 10 )
X 3 3 7

29
= 40 602()(0'—'3) + Ko( 4)(0—? ) (24)

From the system (24) one obtains xp and K, as func-
tions of ep; they are plotted in Figures 3 and 4. In these
figures, there appear for comparison, curves computed by
means of the fourth-order expansion with respect to
(dashed curve). We remark that for large values of €
(small values of Reynolds number) the two approxima-
tions lead to practically the same results, By means of
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Fig. 3. xo0 vs. €a.
————— sixth approximation with respect to y1.
————— fourth approximation with respect to y1.

xo, Ho and K, one may calculate ko and ¢y as

Ya
ko = (KOEB_Q_ s 00=Qx0
vo H,

By using the general Equations (21) one may perform
the calculation of the coefficients which enter in the sec-
ond-order (g = 0, 2r = 2; ¢ = 2, r = 0), the third-
order (q = 1,2r = 2; g = 3, r = 0), etc., approximations
with respect to ¢;. We have carried out the calculation
up to the third-order approximation inclusively (see Ap-
pendix III).

The first correction for the film thickness is obtained in
the second approximation (¢ = 0, 2r = 2). One obtains

(25)

and therefore

(26)
0

The first corrections for the wave number and for the
wave velocity are obtained in the third approximation
(g = 1, 2r = 2). In Figure 5 we have plotted the ratios
ka/ko and xs/x0, which enter in the expansions of k and
x, as functions of ¢. The wave number k and the wave

K[ {

20 —
18 —
% \\
\
\\
14 N
N ~L
\\\-L
0 02 a4 a6 a8 / &
Fig. 4. Ko vs. €.

sixth approximation with respect to yi.
————— fourth approximation with respect to y;.
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Fig. 5. ——, and —— vs. €.
€9 o Xo

velocity ¢ may be calculated by aid of the following:
k k
—=1+—¢2

27
i T (27)

c Ca x2 H
LA P P G R
€o o xo Ho

The most important conclusjon is that all dimensionless
coefficients (Hgy/Ho, kor/ko, ..., Agar Bgor .. dq2r)
appearing in the expansions with respect to ¢, are func-
tions of a single dimensionless parameter

_
" QkoH,

By substituting Ho and k, by their expressions (22) and
(25) and taking into account that K, depends only on ¢
(Figure 4) one obtains

w=F((£)" E£€0) arw (o)

o

€)

The function F is plotted in Figure 6; it tends asymp-
totically towards the line ¢ = 0.632 ¢~ L.

Therefore all the above mentioned dimensionless coeffi-
cients are functions only of the dimensionless parameter

gl/G Qll/ﬁ

Y2
F4
"’ = ( “) 7/6
o 1 4

In order to be able to obtain general curves for the wave
number, wave velocity, film thickness, and velocity distri-
bution it is necessary to know the values of the amplitude
¢1. For the determination of this quantity two ways seem

(30)

il
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Fig. 6. €0 vs. ¢y 1,
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Fig. 7. [2ig1] vs. ¥. O = experimental points for water (14). A —
experimental point for ethyl alcohol (14).

possible. One of them may be based on an arbitrary princi-
ple, outside hydrodynamics. Such a principle is, for in-
stance, that of the minimum viscous dissipation of the
mechanical energy used by Kapitza. The second way may
be based on nonlinear stability considerations for the solu-
tions of the equations of motion. We shall examine this
problem in another paper. In regard to the first way, it
may be remarked that an extremum condition may also
be imposed to other physical quantities as are, for instance,
hy, k, the average value of the free surface, etc. The values
obtained by us in this manner for ¢, differ from one an-
other. For this reason the problem of the determination of
the amplitude is unsolved for the time being. Neverthe-
less, the above conclusion permits one to obtain some
information concerning the amplitude. Indeed, whichever
is the physical quantity chosen for the determination of
&1 by means of an extremum condition, its average value
may be written in the form

F=FH(l+f(0)d:® + fa(W)d* + ...) (31)

where fo represents the value of f for the laminar steady

a0 I ;\-—%
K ‘1--~+l-_{-~~__
o 71%~ A ———
260 \ NH-G)_ A

040 k)

Q20—

. | |

a80 160 240 aw 46 480y

¢
and —— vs.

Fig. 8.
9 ko co

present theory
————— Kapitza’s theory
¢ Kapitza's experimental points for water at 14°C.
@ Jones and Whitaker’s experimental points for water at 25°C.
A Kapitza's experimental points for ethyl alcohol.

are well fitted by a single curve in agreement with the
above. For this reason we shall use this curve for the cal-
culation of the other physical parameters.

Equations (27) and (28) and Figures 5 and 7 allow
one to obtain the universal curves k/kq vs. ¢ and ¢/co vs.
. They are plotted in Figure 8 together with the experi-
mental points obtained by Kapitza (14), and by Jones and
Whitaker (17). It may be seen that the agreement is good.
Tailby and Portalski’s data (I5) are not taken into ac-
count since they are outside the range of validity of the
present theory.

In Table 1 a comparison is made between Kapitza’s
theory and the present theory and experiment. Experiment
shows that the wave number is practically independent on
the flow rate, Q, in agreement with our theory, while
Kapitza’s theory predicts an appreciable increase with the
flow rate. In regard to the wave velocity, the present
theory agrees better than that of Kapitza with the experi-
mental results.

TaBLE 1

Kapitza’s
Q experiments
Re=22 k :
Liquid v (ecm.”1) (cm./sec.)

Water at 28 0.64 7.40 14.70
14°C. 54 2.20 7.40 18.50
80 4.40 7.40 21.00

30 0.64 — —

Water at 66 2.70 — —

25°C. 84 4,10 — —

98 5.60 — —
17.50 0.64 8.90 12.80
Ethyl alcohol 34 2.20 8.90 17.00
at 14°C. 50 4.40 8.90 20.00

case, (¢1 = 0) and the dimensionless quantities f> and f4
depend only on . The extremum condition leads to

f2(9) + 2fs($)9s> + ... =0 (32)

and consequently ¢; is a function only of $. This remark
suggests one to plot the experimental amplitude as a
function of ¢. As it is shown in Figure 7, the experimental
results obtained by Kapitza for water and ethyl alcohol

Page 778

AIChE Journal

Jones-Whitaker’s

experiments
Kapitza’s theory Present theory
k c k ¢ k c
— — 9.20 14.70 7.50 14.50
— — 12.80 23.00 7.90 18.60
— — 15.40 30.00 7.90 20.90
6.00 12.00 8.70 14.70 7.90 13.60
7.20 17.40 12.80 24.80 8.50 18.80
7.80 19.40 14.30 28.50 8.90 21.10
7.70 20.80 15.60 32.30 7.90 21.30
— — 11.50 12.90 9.80 12.60
— — 16.10 20.00 10.30 16.50
— — 19.40 26.00 10.00 18.40

We notice that the disagreement between the experi-
mental rate of mass transfer and the theoretical one, ob-
tained by means of Kapitza’s hydrodynamic theory, is
especially due to the ratio between the wave velocity and
the average velocity (x). While Kapitza obtains a constant
value of 2.4 for this ratio, experiment shows a variation
from 1.6 up to 2.2, in agreement with our results. For this
reason it is to be expected that the present equations
should lead to a better agreement with experiment for
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mass transfer. This was confirmed recently (27).

SUMMARY

The results obtained in this paper may be summarized
as follows:

1. A method for obtaining periodical solutions of the
equations of motion is proposed. It consists of replacing,
by means of a triple series expansion, the nonlinear equa-
tions of motion by an infinite number of linear algebraic
equations, which may be solved step by step. The first is
a Taylor expansion with respect to y;; the second, repre-
senting the periodicity condition, is a Fourier expansion
with respect to the variable z = k(x — c¢t) and allows the
determination of all the physical quantities as functions of
one of them; and the third is a Taylor expansion with re-
spect to the amplitude ¢, which was selected as the un-
determined quantity.

2. The most important result is that all dimensjonless
physical quantities (Hs./Ho, kyr/ko, Cor/Co, ... Aqzr, - -
$q2-) are functions of a single dimensionless quantity .

3. Theoretical equations for the wave length, wave
velocity, and film thickness as functions of ¢ and ¢, are
established up to the third-order approximation with re-
spect to ¢;.

4. Arguments are adduced in support of the fact that
¢1 depends also only on y, and on the basis of experimen-
tal results a universal curve |2i$| vs. ¥ is given.

5. Universal curves k/ky and c¢/co vs. ¥ are plotted.
They agree with experiment.

NOTATION

@n by, = coefficients in the expansion (9)

Aq By, Cq, Dy = dimensionless coefficients in the expan-
sion (14)

¢ = o/k = wave velocity; co, €3, ¢4 ... are the coeffi-

cients in the expansion of ¢ with respect to ¢;

dimensionless coefficient defined by Equation

(Iv.11)

gravity acceleration

film thickness

average film thickness; Ho, H,, Hy ... are the

coeficients in the expansion of hy with respect

to ¢

v—-1

wave number; kg, ks, ks ... are the coefficients

in the expansion of k with respect to ¢,

ak2he3/3pQ?

pressure

coeficients in the expansion (IV.1)

pressure above the free surface

average liquid flow rate (cc./cm. sec.)

radius of curvature

time

vertical velocity component

average velocity with respect to y
horizontal velocity component
component with respect to the free surface
;lectangular coordinates (Figure 1)

—Yy

E

A

l

mnl

=
S

i

S.c§|= “NOP?%N o =
1 O |

ne R
-

nnnua

-~

)

|

el

Greek Letters
eg, Bu Y Tq and &; = quantities defined by Equation
(18b)

3 = arc tg oh/dx
€ = v/Qkhy; €, €3, &4 .. = are the coefficients in the ex-
pansion of ¢ with respect to ¢,
= 2x/k = wave length

Vol. 14, No. 5

AIChE Journal

= dynamic viscosity

v = kinematic viscosity

p = liquid density

o = surface tension

¢ = ratio between elongation and film thickness

¢1 = coefficient of ¢** in the Fourier expansion of ¢

x = ¢ho/Q, xo, x2 = are the coefficients in the expansion
of x with respect to ¢,

@ = wave pulsation

Superscripts

’ = the first derivative with respect to z

”” = the third derivative with respect to z

— = temporal average

* = complex conjugate quantity

A = real part of a complex quantity

~ = imaginary part of a complex quantity

Subscripts

n = index in the expansion with respect to y;, Equa-
tion (9)

q = index in the Fourier expansion, Equation (14)

r = index in the expansion with respect to ¢;, Equa-

tion (19)
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APPENDIX
We shall show by complete induction that all terms a, hav-
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ing an odd index (n = 2m 4 1) are nil.
Indeed, let us assume

(L1)

By eliminating bi+1 between the first two equations of the
system (11) and by taking into account (I.1) one obtains

(1.2)

Since (9u/dy)y.n = O, there results that a1 = 0 and conse-
quently all terms having an odd index are nil.

The system (11) together with Equation (I.2) lead to
Equations (12). The second Equation%l%) is equivalent to

a1=a3=...=a2m_1=0

am+1 =0

0 2
2 bn(l+¢)"=—zxkh0¢,
n=0

Indeed, we may write successively:

n2=0 ba(1 4+ ¢)7 =

20 [Bam(Ll + ¢)2™ + bam+1(1 4 ¢)2m+1] =

©, dan(1 4 ¢)2m+1

= — khy 2 —_—

m=0 2m+1
©, [ dam(l+ ¢)2mt
i 3 [ DO

m=0 2m+ 1
ol [azm(l + ¢)mT1 ]' 2

+ ¢'azm(1 + ¢)2m ] =

— khg TS — xh0k¢'
mzzo 2m +1 3
(L.3)
therefore
©  agm(l4g)m+l 2
—— = — x¢ - const. (1.4)

m=0 2m + 1

where const. is an integration constant,
On the other hand we have

h 3 (1+¢) o 2m
[ [ me0

ho ho
3w (L5)
—_0 S @m(lT e
2 m=0 2m + 1
Therefore
2 Tan(lF 9T 2
5 o rrr 2 (16)
m=0 2m 4 1 3
Since ¢ = 0, from Equation (I.4) and (1.8) there results
const, = ~—
3
and therefore
% a2m(1 +¢)2m+1 9
T (4 xe) (17)

APPENDIX I

Let us expand ¢g, Aq, By, Cq and Dg in Taylor series with
respect to ¢y, in the form

-]
Pg = 20 bq.r $1"
r=
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© »
Ag = z Agro1™ ... 3 Dg= 20 Dgro1r  (IL1)
r=0 ==

Since in the laminar case (¢1 = 0) we have ¢ = 0, there
results

¢q,0 =0 (11.2)

From the system (16b) and taking into account (IL2), one
obtains

AOO = B()O = COO = D()o =0 (II.S)

It can be proven by complete induction that other coeffi-
cients in the expansion (IL.1) are also nil, namely the coeffi-
cients

Aq'r = Bq,r = ... = ¢Q;T =0 f(}r T < (ql, (II.4a)
Aq,r=Bq,r=...=¢q,r=0 for T=[q[+2§+l,
(11.4b)

hor=xr=er=kr=cr=0 for r=2+1 (Il.4c)
(§=0,1,2..;

Let us assume that Equations (I1.4) are valid up to the
index r = |g| 4+ 2s + 1. By identifying in the system (16b)
the terms that contain ¢;7+2 = ¢;/9/%25+3 and by taking into
account that ¢9 = 0, one obtains

Agr+2 + Bgr+2 + Cor+2 4+ Dori2— 2¢qr+2=10

q=0,il,i2..4)

1 1 1
Aq,r+2 + KBq,r+2 + '—S'Cq,r+2 + ?Dq.r+2

2x0
-3 par+z =10

3
iq (XO"' —2' ) Aq,r+2 + 2equ.r+2
— 2i¢3Ko(1 — Byo)ggr+2 =0 (g £0)

3¢ 3
Y qAqr+2 + iq( Xo— _E) Bgyr+2 4 126Cqrt2 =0

i 3
“Z"Bq.r+2 + iq( Xo— E—) Cqr+2 + 30eDg,r+2 =0

(r=19|+2s+1, §=0,1,2,...) (IL5)
In the case q 5= 0, the system (IL.5) is a homogeneous linear
system of five equations containing five unknowns; in the case
g = 0 the third equation in the system (II.5) is no longer
valid, however from the condition ¢ = O there results ¢or+2
= 0, so that for ¢ = 0 the system (IL.5) reduces to a system
having four equations containing four unknowns. In both cases
it may be verified that for ey = 0 the determinant of the system
differs from zero. Therefore
(11.6)

Aq,r+2 = Bq,r+2 = ... =Pgr+2= 0

Since for ¢ = 0 and r = 1 one obtains by direct calculation
Ajp=Bo'= ... =1 =0

one may conclude that Equation (I1.4b) is valid.

In a similar manner one may prove, by using the remaining
Equations (16), that (I1.4c) are valid too.

Consequently, the quantities Ag, Bg, ..., ¢q, ho, x and ¢
may be expanded under the form (19).

APPENDIX 1l
For ¢ = 0, 2r = 2, from Equations (21) one obtains

eoDoz2 = 5 (A10C10 — A10C10), €0Co2 = > (A10B1o — A10B10),
B 8 (2 4 C, 8 D )
0z = 2 +-5- oz + 7 oz — ap2 ’
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Agz = — (Bog + Coz + Doz) + a2

Hy ! Ba~2
Ho_ 3 02 >

A A A
agz = 2(2Byg + 4C10 + 6D1o— 1) (IIL1)

A ~
where A and A are, respectively, the real and the imaginary

A

parts of the complex quantity A = A + iA.
For ¢ = 2, r = 0, from Equations (21) there results
Azo + Bgo + Ca0 + Daop— 2¢20 = 1 — 2B1o — 4C10— 6D10

A+lB +IC lD 2 1
20 3 20 5 20+7 20 3x0¢2o—

A A A
Biz = 2(1 + ¢20) — 4(B1o + 2C10 + 3D1e)
=+ B*1p + 2C*19 + 3D%yy,

3i
e =— (Ao2A10 — A204%10),
3i
Tz = > (Ag2B10 — BogA1o — 3B2sA% 10 + 3420B%10),

i
Ay = 5 {BogB1o — B2oB® 10 + 3A02C10

— 9Co2A10 — 15C20A% 15 + 21A20C%10) (I11.4)

The system (IIL.3) may be assimilated to a linear system
of five equations having four unknowns: Ajs, B2, Cy2 and Dis.
The compatibility condition leads to the following:

1 1 1 1 12
1 1 1 1 (ﬁ + 2x2 )
3 5 7 2T
(o) \ ; S
i B ¢ —— Bos —
X0 2 0 12 + 3 02
2tKo
—2\ Bio+—— )} ea—
50 = 0
—iA10x2 ]
3i ) 3
-5 i\0o—7 12¢0 0 (T12 — 12e2C10 — iByo x2)
i 3
0 - i(xo——z—) 30¢q (A12 — 30eeD1g — i 10 x2)
(11L.5)
N eqtllation (II1.5) contains complex quantities and conse-
' . i quently it leads to two equations. From these equations one
(2x0— 3)Az0 + 2¢0Bao — 16iKogz0 = ?A“ﬁ (IL2) may calculate x2 and ez as functions of e (Figure 5). Then
. the values of k2 and cy are obtained by means of the follow-
— 3iAgg + i(2x0 — 3)B2o + 12¢C20 = 0 ing:
1 ke e 1 ez x2 1 xz Hp
; i( 2y — 30¢pDgp = — (B1o2 — 6A30C e 2 By 2= py=X_2
iBag + i(2x0— 3)Cz20 + 30eDsgo 5 (Bio 106C10) T 3 02 " xo+ 5 Boz ",
In the calculation of the third order approximation two cases Ay, Bys, C12 and Dig result from the system (IIL3).
must be taken into account: _ ;
For ¢ = 1, 2r = 2, from system (21) we have For g = 3, r = 0 we have
A2 + Bz + Ciz 4+ D1z = 022 Ago + Bgo + Cso + D3o— 2¢30'= ago
1 1 1 xz 1 1 1 20
A + —3-312 + —5-012 + o De—m= Biz Ago + -ngo + —5-(730 + 7D30—-3—¢3o = fgo
. 3 ) 3
i\ xo— rY Ayz + 2e0Big + iA0x2 3i ( =7 )Aao + 2e9B3o — 54iKogpz0 = 730 (1I11.8)
2iKy 4iKo 9i 3
+2( +on)ez=*/12+TB°2 —-—Aao+3i(xo—'—')330+1260030=1‘30
€ 2 2
3i _ 3 3 3
—'—2"A12 +¢ XO'—_2" Bi2 + 12C12 ?Bao +3i( xo——é-) Cso0 -+ 30ep D3o = Aso
+ iB1o x2 + 12C10e2 = T12 where
i 3 — - —_
'_312 +i (Xo— —) C12 + 30¢D1g ago = — 2(B1o + 2C10 + 3D10— 1) 20
2 2 — 2(Bgp + 2Ca0 4+ 3D2p) — Bro— 6C19— 15D10
+ iC16 x2 + 30D1p e2 = As2 (111.3) 9
where Bao = ~— 3 2¢20 + B1o + 2C10 + 3D10,
arg = — 2(Boz + 2Co2 + 3Doz2) ) 5
i i
+ 2(B%10 + 2C*10 + 3D%10— 1)¢20 + v30 = -—2—A10Azo, Tso =5 (A10B20 — A20B10),
+ 2(Bzo + 2C20 + 3D20) + 68C10 + 15D10 + Bao 3
A A A Agp = — — (B10B2o + A10C20 + 5A20C10) L7
+ 2(B1o + 6C10 + 15D10), 2 (1IL7)
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The system (II1.6) gives the quantities Ago, Bso, Cao, Dso,
and ¢g0. In this manner all the guantities that appear up to
the third-order approximation may be calculated.

APPENDIX IV

In order to establish the validity conditions of the approxi-
mations made in the calculations we shall use the exact system
of equations and the exact boundary conditions. By introducing
the expansion (9) for the velocity components and a similar
expansion for the pressure '

pP—pa ( Yt )"
ey EnG
— — n=
’ 2 hg
in the exact system of equation and by identifying the terms
in (y1/ho)™ there result an exact system having an infinite

number of equations.
For n = 0 from the Navier-Stokes equations one obtains

2 0
— kho (—x—-ao)ao=‘~—<ﬂ+}71¢')kho
3 0z

(IV.1)

+ 2 (20 4 (kho)2 (a0” + 20101 + 22 (1y.)
30 2 + 0)% (ao a1¢ + 902 .
4eare’ 2
pL= (kho)z[ i + (3){'—00)(10'45'

~(Zx—a) o] Focrmn avs)

The boundary conditions (1e), (1i), and (1j) lead respec-
tively to

by=0 (1Iv.4)

4 ok2he3

) — —— —
Po 5 0

3
[ 1—'2—(”10)2 ¢'? ]¢"

4v

—-56 kho(ao” + a19’) + 0((kho)?) (IV.5)

2
a1 = (kho)? [(?x—ao> ¢” + 3a0’ ¢’] + 0({kho)*)

1v.8)

In Equations (IV.2) to (IV.6) we have used the relations
kh

b1 = - khoao’, b2 = -—-2—0 al' (IV7)

which are consequences of the continuity equation.
Eliminating p1 and pp from Equation (IV.2) by means of
Equations (IV.3) and (IV.5), one obtainst

2
- —g'x—ao ay’

4 0k2h03 44 3 ’ e ”
=% o [«p — 5 (ko) (92 ¢ +2¢’¢2)] +
+ighoz-—(kho)z[(ix—ao)ao'¢'2
9 kQ2 3

2 2 4
(2x—a) oo | et o2

(%ao"‘—agzp'z)] +0((kho)t) (IV.8)

3vQ 08Q
¥ We note that since he® = and k2 =~ , there results the
g 124
o het k2
factor — ——— = 3, and therefore it has not the order of (kho)?2.

o
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Instead of the more exact Equation (IV.8), we have used
the third equation from the system (13a) in which the terms
in (kho)2 have been neglected.

By using the results obtained in this work, we have reached
the conclusion that the terms left out are negligible, compared
to the remaining ones, in any terms of the expansion with re-
spect to ¢y if

(kho)? << 1 (1v.9)
If we consider (kho)2 = 0.10, one obtains
kho < 0.30 (1v.10)

In similar manners it is possible to show that for n £ 0
the neglected terms are at least of the order of (kho)2 and the
remaining ones of the order of unity. The inequality (1V.10)
expresses the condition of validity of the thin layer approxima-
tion used in this work, therefore the conditions under which
the system (3) and the boundary conditions (3) are valid.

Another approximation made in this work consists of neglect-
ing the terms from the expansion (9a), beginning with as.
Since the expansions (9) have been assumed convergent, it is
to be expected that the main term neglected is ag itself, which
may be calculated from the last equation of the system (12b)

form = 3:
56 eag =
3 15 as’ay 9a4’as
- [ (x‘_Ea") R T ]
(Iv.11)

By expanding ag in Fourier series with respect to z, one ob-

tains
]
ag = 2 Eq élaz
—

The coeflicients E4 are then expanded in power series with
respect to ¢1, under the form

(Iv.12)

o
Eqy= ¢1ldl Z Eqor ¢12" (IV.13)
r=0

We have considered that the term as may be neglected for
those cases in which

Boar} _ 1
Fq,?r 10’
(g,2r) = (1,0; 2,0; 1,2; 3,0) (IV.14)
where
A ~ A
|[Eq2r|?® = 2 E23s, + E243 and [Fgar]?® = ©2F 209, +

F2q,21~ |Fg,2s| being the largest term from the terms |Ag,ar|,
]Bq,2r', qu,zrl and 'Dq,‘Zr'-
From the above condition there results
=010 (or y=>5.40) (IV.15)

In the same manner it may be shown that the term a4 may
be neglected only for ¢ = 2 (¢ = 0.32). For this reason the
parabolic approximation may be used only for small Reynolds
numbers,

In order to compare the two inequalities under which the
present calculations are valid we shall take into account that

k~ko(l -+ 13 ¢12), ho~ Ho(l + 2 ¢12)
Condition ¢ = 0.10 leads to

40(1 -+ 13 ¢12) (1 + 2 ¢12)
Re

(1e-2)

Condition (IV.16) becomes, beginning with a certain value
of Reynolds number, more restrictive than (IV.10).

kho =

(1v.16)
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